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1. Problem statement
Consider the underdetermined linear system
AX =B, AcR™" X ¢cR™ Bec R"™k (1)
with m < n. We seek a general solution of the from
X = Xp + Hz, zarbitrary, (2)

where X, is a specific solution of eq. and the columns of H span the nullspace of A.
We assume A to have full rank, i.e. linearly independent rows, and hence a solution to
existand H € R™* (=),

2. Algorithm

The alogrithm implemented in gensolve is based on [1]], which focuses on finding the
nullspace of sparse matrices. However, the ABS algorithms it is derived from are actually
concerned with solving equation systems, so it is relatively easy to extend the algorithm
to also compute a specific solution.

In the follwowing, let I, ..., I,, be a permutation of 1, ..., m and let “IT,- and bITi denote
the I;-th row of A and B, respectively. The permutation Iy, ..., I,,, is chosen such that the
number of non-zero elements in the rows alTl, ey a}’;ﬂ is increasing.

Start with the initiaization

HO =] g Rmn (3)
XO® =0 R" (4)



Then fori =0,...,m — 1 compute

st = aj HY (5)
, , bl —al X®
X+ — x@) 4 h};) C A S(i)l+1 (6)
KD
HO =H® _ T{)S(z)T (7)
5
i+1) — (3, 7,(0) 7 (1) 7 (1)
HD = (hol e by Ry hnl—i) (8)

where h;f') is the J;-th column of H, s}o is the J,-th element of s)T and J; is, in principle,

1

chosen such that h}f‘) has to lowest number of non-zero elements under the condition
that s}?) # 0. In practice, this condition has to be modified to exclude too small elements

for reasons of numerical stability, leading to |S;j)| > max(e, T-IsD7T||.). Here, € is a small
constant depending on the machine precision of the number type used and the problem
size, ||sOT|, = males](.i)l, and 0 < 7 < 1 allows balancing sparsity preservation and
numerical stability.

After the last iteration, X, = X (m) and H = H™ describe a solution in the form of

eq. [@).

2.1. Proof of correctness

While a detailed analysis is left to [[1], a proof of the algorithm’s correctness is given here
for completeness. Let

o[ (b
AD = B = : |. 9)
a, by,

We will show by induction that, for every i € 0, ..., m, the conditions

ADXD = B (10)
ADH®D =0 (11)
H® g R™ (=) hag linearly independent columns (12)

hold. As A® und B become A and B by row permutation, eq. implies that
X, = X is a specific solution of eq. (1) and egs. and (12) imply that the columns
of H = H span the nullspace of A.

For i = 0, the equation systems of eqgs. (10)) and each comprise zero equations,
whereby we consider them fulfilled. Equation (12]) also holds trivially for i = 0 as
H© = I. It remains to show that if egs. ) to old for i, they also also for i + 1.



Substituting eq. @ and sf) = a{h}?), we obtain

: bT R X(i)
AG+D x(+1) — (A;”) ( X () h(z) L~ i
a

Tios al A

i+1 ]1

B®

' T T x0
al XD 4 o7 B .
Ii+1 Ii+1 ]i

b; -—a —

Iz+1 Il+1 -
al h(l)
Il+1 i

BY B (i+1)
(ﬂ, XD+ b7 —al x<i>>=<bT ):B (13)
IHl Iz+1 Iz+1

1+1

by using eq. and A(i)h}:) = 0, the J;-th column von eq. . Similar substitution of
eq. (7)) leads to

i+1) 7y (i AD j h}Z) j TO (1)
Iitq ar . h]Z i+1 IT hx) Iitq
(14)
using eq. 1.) and its J;-th column A(Z)h(” = 0. Then obviously also AT+DH+D = 0.
For the linear independence of the columns of Hi+D, we examine the n — i columns

of H with respect to linear dependence, i.e. we try to ﬁnd coefficients a; such that

Y a;h” = 0. (15)

Column-wise substitution of eq. (7)) leads to

oo (el () D _ g 1 = ITth B
.G _ ) i _ i+1 i _ i i i i+1 i
Z[X]'hj —ZO(] hj al h(l)h] =4y h +Z(X]h h Za T %) ]1
]=1 ]=1 Iz+1 ]1 ] 1+1 ]1
J#L J#z
i n—i ? ()
@ _ i1 ] i _
szh Z] 5 | =0 (16)
] l ]1
]#1 ]#z .

As all h]@ are linearly independent, it follows that ;= Oforj +# J;, buta 7, ist arbitrary.

Hence all columns of H® are linearly independent, exepect for the J;-th one, which are
exactly the columns of H*D. (And I, = 0.)

It should be noted that correctness is given irrespective of the permutation I; and the
only requirement concerning J; is that s}j) = aITMh}f) # 0. At least one such column h(f)
exists, as otherwise H® would span a (n — i)-dimensional nullspace of the (i + 1) x n
matrix A@*D. But then A1 and hence A could not have independent rows, violating
that assumption.



A. Example

The algorithm will now be applied to an example problem taken from [2]. There, a
circuit is analyzed which leads to the difference equation

M, M; M, M, i’fs; M, ii(n)
T, 0 0 0 |lo V]|=]|0 xn—1)+| 0 (17)
0 T, 0o o0)/|- 0
g(n)
where
-1 0 0 00 R 0OO0OO0O
0 1000 00000
0 0CO0O 00000
0 0000 00100
Mi=109 00 10| MT[0000 0 (18)
0 0000 00010
0 0001 00000
0 0000 00001
0 0 0 0 0 0 0
0 0 0 0 0 0 il (1)
1 1
2 o 0 o o :
\f , — | /s i — | /s — —
Me=10"] M= | Mim|1 0 o o "=| o (19)
0 0 0 -1 0 0 0
0 0 0 0 -1 0 0
0 0 0 0 0 -1 0
1100 0
TV:<(1)_01(1)_11 _11> T,=|0 1 1 1 0) (20)
0001 -1



are derived (in a systematic fashion) from the schematics. Plugging these matrices into

eq. we get

-1 0 0 0 0 ROOO O O O o0 o0 o0

o 1.0 o O O0OOOOT O O O O o0 o

OOCOOOOOOO—%OOOO

o o o0 o 0 o010 O0 - 0 0 0 O

00010000000—10007_)(”)

000000001000—100{(11)

0000100000000—1092(”)

00000000010000_117(71)

1 -1 0 1 1 00O0O0OTO0O O O O O O

o o1 -1 -100O0OO0OTG0OC O O O 0 O

o o o0 o 0 110O0TO0O O O O O0 O

o o o o o 0111 0 0 0 O 0 O

o o o0 o o o0O0OO0OT1 -1 0 0 0 o0 o
0 0
0 1
: 0
_fs 0
0 0
0 0

= 0 |¥x(n—=1)+ |0 |i,(n). (21)

0 0
0 0
0 0
0 0
0 0
0 0

To ease notation in the following, we first re-order the rows to have an increasing number
of non-zero elements in the rows of the LHS matrix. Then we do not need a permutation
later, i.e. we may use I; = i. To further ease manual computatation, of all the rows with



two non-zero elements, we sort those with only +1 before the others. This then gives

o(n)
i(n)
x(n)
q(n)

(22)

ain(n)-

— O O O O O

O O O O oo

0
0
0
0
0

0
0
0
0
1

0
-1

0 00O

0
0
0
1
0

-1

0 00O

0 001

0 00O

0 00O

0

0
0
0

0

1100

0 001
0 ROOO
0 00 O0O0 O
0 0010

0
0
1

0
0
0
0

0
0
0
0

0 00O

1
-1

0

0

-1 0 0 0O
0

1

0

0

0111

xin—1)+10

O O O O O OO

12}
01_2:_J0 oo

In the following, we let

(23)

0
0
0
0
0
0
0
0

0
0
0
0
1

0 000
0 00O

0 001

0
0
0
1
0
0
0

0 000
0 000

1100 O

0

0

-1

0 001
0 ROOO O

0

-1 0 0 00

1 -1

0

0

0
0

01 11

0
1

0 000 0

1

0




and

0 1
0 0
0 0
0 0
0 0
0 0
B=| 0 0 (24)
0 0
1
5 0
_fs 0
0 0
0 0
0 0
so that the system becomes
o(n)
i(n) x(n—1)
A-| =B-(" . 25
x(n) ( Uin (1) ) (25)
q(n)

We now apply the algorithm to A and B to obtain X and H. Due to the sizes of the
involved matrices and the number of iterations (m = 13), this will take up a lot of space.
But note that thanks to the sparsity, the number of actual computations to be performed
is actually quite low.

For initialization, we let

1 0000O0O0OO0OO0OO0OO0OO0OO0OO 0O 00

01 00O0O0OO0OOOOODODOODQ 00

00100O0O0OO0OO0OODOODOOOO0ODO 00

00010O0O0OO0OO0OO0OODODOODO 00

0000O1O0O0OO0OOODODOOODO 00

0000O0O1O0O0O0OO0OOODOODO 00

0000O0OO0O1O0O0OOODOOODO 00
HY=10 00 0000100O00O0O0OUO0 XO =10 0 (26)

0000O0OO0OOOT1TO0OO0OOOOOODO 00

0 000O0OO0OO0OOOT1TO0O0OTOOSODO 00

0000O0OO0OOOOOT1IO0O0OSO0ODO 00

0 000O0OO0OOOOOOT1IO0TG 0O 00

0000O0OO0OOOOODODODT1TO0OO® 00

0000O0OO0OOOOOOODOT1TO 00

0000OO0OOOOOOODOOTGO0OT1 00

In the first iteration, we have

sOT = alTH<O) =0 10000000O0O0O0O0O0 0 (27)



2 is our only choice. Hence we use

so that |,

(28)
(29)

=1

P = ath,

2

(0100000000000 0 0)
s (0)

© _
h2

This gives

and

(30)

O = O O O OO OO OO oo oo

O OO OO OO0 O OO OO OO

(0 1)-(0 0

O = O O O OO OO OO OO oo
+

O O OO OO OO O OO oo OO

O OO O OO OO O OO oo oo

and

(31)

10000O0O0OO0OO0OO0OO0OO0OO0OO0OO
0000O0OO0OO0OO0OO0OO0OO0OO0OO0OOOGO
001 00O0O0OO0OO0OO0OO0OO0OO0OO0OO
00010O0O0OO0OO0OO0OO0OO0OO0OSO0OGO
000010O0O0O0OO0OO0OO0OO0OSO0OO
0 0000O1O0O0OO0OO0OO0OO0OO0OSO0OGO
0000O0OO0O1O0O0O0OO0OO0ODO0OSO0OO
000O0O0OO0OO0O1O0O0OO0ODO0OO0OO0OO 0
0 0000O0OO0OO0O1O0O0OO0OO0OGO0OGO
000O0O0OO0OO0OO0OO0O1TO0OOO®O0OO
00000OO0OO0OO0OO0OO0OT1TO0GO0ODO0OG®O

000O0O0O0OO0OO0OO0OO0OO0OOTITO0O®O0OG® O
0000O0OO0OO0OO0OO0OO0OO0OO0OT1TO0OG®O
00 000O0O0OO0OO0OO0OO0OO0OO0OO0OT1TO
0000O0OO0OO0OO0OO0OOOOSOOSO0OT1

as héo)s(O)T has only a single non-zero entry, namely a 1 in row 2, column 2. Dropping



the second column then gives

—_

HL =

OO OO DD DODDODDOD OO, OO
SO OO OO DD OO, OOO0O
SO OO OO OO O R OOOOo

QOO OO O OO ODO R OO OO Oo

cNeoNeoNeoNeoNeoNeoNel HoNoNoNoeNe N

OO OO DODOO R OODDODODOO O

ol eleleNeoNeol oloNeoNoNoB o NN

QOO OO R OO OODO O OO o

eoNeNeoNel ool eoloNeoBoBeoNeNeoNe]

eoNeNeN  HeoleoNeoNeoloNeNeNoNeNoNol

QOO R OO O OO OO oo oo

O R OO OO OO OODO oo o
—_ O OO OO OO0 o oo

O OO OO OO OO OC O oo

(en)
o

In the second iteration, we then have
al=(0 0010000000 -100 0
and therefore
sWT=gTHY=(0 01 0000000 -1 0 0 0)

and pick J; = 3. Hence we use

D=0 0010000000000 0)

and
1) _ Ty,(1) _
Sy’ = a2h3 =1.
Observe that bl = bl = - =bl = (0 0) so that
T _ T (i) T ()
X+ — x@) 4 h;i> ) bi+1 a;1X — x () _ h;i) ) a;1X

Q)

(i)
i S

Ji

(32)

(33)

(34)

(35)

(36)

(37)

fori = 1,...,7. Furthermore alX® = (0 0) so that X® = X®. But this likewise
applies fori = 2,...,7,so that X® = ... = X = X and we can focus on H? in the

following. We now have

00000O0O0OOO O 0O00O
00000O0DO0DOOO O 0O0O

HD 00000O0O0O0OO O 0O00O

2. sMWT =10 0100000001000

(1)

S3 00000O0O0OOO O 0O00O
0000000000 0 00 O

(38)



so that

(39)

10000O0O0OO0OO0OO0OO0O0O00O0

0000O0OO0OO0OO0OO0OO0OO0OO0OO0OO

01 00O0O0O0OO0OO0OO0OO0OO0OSO0OO

0 0000OO0OO0OO0OO0OO0O1TO0O0OO

000100O0OO0OO0OO0OO0OO0OO0OO
00001O0O0O0O0OO0OO0OO0OSO0OO
000O0O0O1O0OO0OO0OO0OOO0OO0OO
00000OO0O1O0O0O0OO0OO0ODO0OTGO

0000O0OO0OO0O1TO0O0OO0OO0OO0OOQO

0000O0OO0OO0OO0O1O0O0OO0OO0OGO

0000O0OO0OO0OO0OO0O1TO0O0O0O® 0

0000O0OO0OO0OO0OO0OO0OT1TO0OOGO0OO

00000OO0OO0OO0OO0OO0OO0OT1IO0TGO

0000O0OO0OO0OO0OO0OO0OO0OO0OT1TPO

0000O0OO0OO0OO0OOOOO0OTQO0OI1

and after dropping the third column

(40)

10000O0O0OO0OO0OO0OGO0OO0OPO
000O0OO0OO0OOOOOOO0OOQO
01 00O0O0OO0OOOO0OO0OGO0OO
000O0OO0OO0OO0OO0OO0O1TO0O0OOQO
00100O0O0OO0OOO0OO0ODGO0OTGO
0 0010O0O0O0OO0OO0OO0OGO0OTGO
00001O0O0O0O0OO0OO0ODO0OTGO
0000O0O1O0O0O0OO0OO0OGO0OTGO
000O0OO0OO0OT1TO0O0OO0OO0OO0OOP
0000O0OO0OO0O1O0O0OGO0OO0OTGO
000O0O0OO0OO0OO0O1TO0OGO0OO0OOQO
0000O0OO0OO0OO0OO0OT1TO0O0OGO
000O0O0OO0OO0OO0OO0OO0OT1TO0OP®
0000O0OO0OO0OO0OO0OOO0OT1TPO0
000O0OO0OO0OOOO0OO0OO0OTO0T1

H®

In the third iteration, with

(41)

al=(0 00000001000 -1 0 0)

we then have

(42)

(00000O0100O0-10 0)

sOT = aTH®

= 7. Hence we use

and pick J,

(43)

0000000010000 00)

@ _
h7

10



and

(44)

(2) _ T1,(2) _
s =azh;’ =1.

Now

(45)

0

0

0

0000000000 0 00

0000O0OO0OO0OO0OO0OPO

-1 0 0

0000O0OO0OO0OO0OO0OO0OTO0O 0O

0000O0OO0O1O0O0OP

0000O0OO0OO0OO0OO0OO0OTO0O OO

0000O0OO0OO0OO0OO0OO0OTO0 0O

0000O0OO0OO0OO0OO0OO0OTO0O OO

0
0

0
0

0
0

0 000O0O0OO0OO0OO0OO0DP
0000O0OO0OO0OOO0ODP

and hence

(46)

10000O0O0OO0OO0O0O0O0O
000O0O0OO0OO0OOO0OOO0OO0OO 0
0100O0O0OO0OO0OO0O0OO0O0OO®O
000O0O0OO0OO0OO0OO0OT1TO0O0O
001 00O0O0OO0OO0OO0OO0OO0OOGO
00010O0O0OO0OO0OO0OO0O®O0OO®O
000010O0O0O0OO0OO0OO0O
00 0001O0O0O0O0OO0OO0OOGO
0000O0OO0OO0OO0OO0OO0OT1TO0T®
00 000O0OO0O1O0O0O0O0OO
000O0O0OO0OO0OO0O1TO0O0OO0OO
00000O0OO0OO0OO0OT1O0®O0OO®O
000O0O0OO0OO0OO0OO0OO0OT11TO0G®O
00000O0OO0OO0OO0OO0OO0OT1TO0
000O0O0OOOOOO0OO 0@ 01

11



Dropping the seventh column then gives

(47)

10000O0O0OO0OOOO0OO
0000O0OO0OO0OOOGO0OO0OO
01 00O0O0O0OOO0OO0OGO0OO

0000O0OO0OO0OO0OT1TO0OTO OO

00100O0O0O0OO0OGO0OGO0OTGO
00010O0O0OO0OO0OO0OO0OP
00001O0O0O0OO0OGO0OGO0OTGO
000O0O0OT1TO0OO0OO0OO0OSO0ODPO

0000O0OO0OO0OO0OO0OT1TO0OTGO

000O0OO0OO0OT1TO0O0OO0OO0OP

0000O0OO0OO0OT1TO0OGO0OO0OGO

000O0OO0OO0OO0OO0OT1TO0O0O® 0

0000O0OO0OO0OO0OO0OT1TO0OTGO

0000O0OO0OO0OO0OO0OO0OT1TOQO0

0000O0OO0OO0OO0O0OO0O0T1

H®

In the fourth iteration, with

(48)

al=(0 000100000000 —10)

we find

(49)

(0010000000 -1 0)

ST = gTH®

= 3. Hence we use

and pick J3

~~ N
) —
Lo Lo
N— N—
~
~~
(e
o
(e}
(e}
o
0 .
i
e I
o C e
-~
o =<
<
= Il
— (DI
¥}
(e}
(e}
o
=
N—r
Il
Cen
-~
el
g
@

Now

(52)

0000O0OO0OO0OO0OOO0OO0 O

0000O0O0OO0OO0OO0OO0OO0O O

0000O0OO0OO0OO0OO0OO0OO0 O

000O0O0OO0OO0OO0OO0OOODTO0 O

0

-1

00100O0O0O0O0O
000O0O0OO0OO0OOOOO0 O

0000000000 0 0
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so that

~~
o
Lo
N—
O O OO OO OO ODODO OO O
O O OO —H O OO ODODOoOOoOOoO O
O O OO OO OO HOOO OO
O OO 1T O OO O OO HO OO
O OO OO OO OO O HOO OO
O O O OO OO OO H OO O OO
O OO OO OO HODODODO O OO
SO O OO OO H OO ODODOOoO oo
O O O OO H O ODODODODOoOOoO oo
O O O OO OO OO OO OO oo
OO —H OO OO ODDODDODDODO OO O
— O O OO O OO DODODDODODO O OO
[l
&
32
195}
o _|&
—~ M|
=%
|
D
[l
D
ol

and after dropping the third column

(54)

1 0000O0O0OO0OO0OO0OOQO
000O0OO0OO0ODOOOO0OO
01 00O0O0OO0OOOOO
000O0O0OO0ODO0OT1TO0OGO0OO
0000O0OO0OO0OOOT1TPO
00100O0O0O0OO0O0OO
00010O0O0O0OO0OO0ODO
00001O0O0O0O0OO0ODO
0000O0OO0OO0OOT1TO0OTGO

0000O0O1O0O0O0O0CDO
000O0O0OO0ODT1TOOO0OO
0000O0OO0OO0OT1TO0OOG OO
000O0O0OO0ODOO0OT11TO0O0
0000O0OO0OO0OOOT1TPO
000O0OO0OO0OOOTO0OTQO0T1

H@®

In the fifth iteration, given

(55)

al=(0 0000000010000 —1)

we find

(56)

0000010000 —1)

sHT = qTH®

= 6. Hence we use

and pick J

(57)

(0000000001000 00)

@ _
h6

13



and

(58)

@ = gIh® =1

56

to obtain

(59)

0000000000 0
0000000000 0

-1

000O0OO0OO0OOO0OO0ODO0OO

0000O0O1O0O0O0OOP

0000O0OO0OO0OOOGOOTO

000O0OO0OO0OOOODO0OO

0000OO0OO0OO0OO0OOGO0OTO

0 000OO0O0OO0OOOO0O O

s(4)T

(4)
hg

(4)
5S¢

which leads to

(60)

100 00O0O0O0OO0OO0DO
0000O0OO0OO0OO0OO0OO0DPO
01000O0O0OO0O0OO0OTPO
0000O0OO0OO0O11O0O00O0
000O0O0OO0OO0OO0OO0OT1TPO0
001 0O0O0O0OO0OO0OO0OPO
00010O0O0O0O0OO0OPO
00001O0O0O0O0OO0OOP
00000O0OO0OO0OT1O0®O
0000O0O0OO0OO0OO0OTUO0T1
0000O0OO0O1O0O0O00P
000O0O0OO0OO0O1TO0O0OP O
0000O0O0OO0OO0OT1O0PO
000O0O0OO0OO0OO0OO0OT1TPO
0 000OO0OO0OO0OOO0OTU 01

@T _
@ °

4)
hg
S¢

H® = g® _

14



and after dropping the sixth column

HO® =

OO DD DD O DODDODDODDODDODDODODOO =
SO OO OO OO OO O OOoO
SO OO OO OO ODO R OO OoOCOCOo
SO OO OO OO R OO O OO Oo
OO OO DD OO R ODODDODODOO O
SO OO R OO OOOO oo oo
QOO R OO ODODOOoODO Rk OOoOo
QO RPr OO O R OOODOOoOooOo
el HoleNeNeoNoNeloNell S > Nelleolo]
_ O O OO R OO0 OOoO0CooOo

In the sixth iteration, with
a%z(OOOOOllOOOOOOOO)

we find
5(5>T:agH(5):(O 01 100O0O00 0)

and pick J5 = 3. Hence we use

) =(0 0000100000000 0)

and
o) _ T1,(5) _
S5 _a6h3 =1

15

(61)

(62)

(63)

(64)

(65)



to obtain

S(5)T

(5)
h3
5

G — g _

H

100 0 0O0O0OOOO
000 0 O0O0OO0OO0OO0OO
010 0 O0OO0OOOO

000 0 O0OO0OT1TO0O0OPO

000 0 OO0OOOT1TO

0 00
000

-1 00 0 0 0O

000O0O0OGO
100000

1

000 O

000 0 0O0O0OT1O0O

000 0O O0OO0OO0OOTGOT1

000 0 0O100O0O0

000 0 0OO0O1O0O0O

000 0 O0O0OOT1TO0PO

000 0 OO0OOOT1TO

000 0 O0OO0OOOOT1

0 000O0OO0OO0OOO0O®

000O0O0OOO0OOO0ODP

0000O0OO0OO0OO0OO0O®

000O0O0OOO0OGOO0DQ

0000O0OO0OO0OOO0O®

001100O0O0O0O0

0000O0OO0OO0OO0OO0O®

0 000O0O0OO0OOTU OO

0000O0OO0OO0OO0OO0O® O

0 000O0OO0OO0OOO OO

000O0O0OOO0OOO0ODP

0 000O0O0OO0OOO 0P

000O0O0OO0OO0OGOO0ODP

0000O0OO0OO0OOO 0@

000O0O0OOO0OOO0ODP

= H® —

(66)

and by dropping the third column

(67)

0 00O0O0OO

0

0

1

00 0 0O0OOOOTO

0 00O0O0OO

1 0
00 0 001000

0
0

000O0T1FPO0

0

0

-1 0 00 00O

1
0
0
0
0
0
0
0

00
0

000O0O0OO

0

100 00O

0001O0O0

00
0
0
0
0
0
0

0
0
0
0
0
0

0 00O0O01

010000
0010O0O0

000100

000O0T1FPO0

00 0 0O0OOOTO0OT1

H®)

In the seventh iteration, with

(68)

al=(0 00000001 -1000 0 0)

we find

(69)

00000010 1)

sOT = aTH®)
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= 7. Hence we use

and pick J¢

(70)

0000000010001 0 0)

©) _
h7

and

(71)

6) _ T1,(6) _
Sy _a7h7 =1.

y (namely two, the same

9) and thus additional non-zero entries are introduced in

1

This is the first time that h{” has more than one non-zero entr

as if we had choosen ]

(72)

10 0 00O0O0OO0OO
00 0 0O0OOTOO

1 0 000O0O0O
00 0 001O0O0O0
00 0 00O0OOT1FO

0
00
0

-1 00 00 00

1

000O0O0OO O

0

100 00O

00 O

00 0 0O0O0OOTOT1
00 0 0O0OOOTO0OT1
00 0 0100O0°O
00 0 0O0O1O0TO0OTPO
00 0 0O0O0OOTO0OT1
00 0 0O0OOT1TO
00 0 0O0O0OOTO0OT1

000O0O0OO0OO0OTO0OO

0
0
0
0
0
0

000O0O0OO0OTO0O O
000O0O0OO0OO0PO
00 0O0O0OO0OO0OQ O
0 00O0O0OO0OO0OO
00 0O0O0OO0OO0OQ O
000O0O0OO0OTO0O
000O0O0OO0OOTO0O O

-1

000O0O0OO0OO0OGOO

000O0O0OO0OT10

0

000O0O0OO0OGO0ODDP
000O0O0OO0OO0OO0OO

-1

000O0O0OO0OT1O0

0
0

000O0O0OO0OO 0P O
00 0O0O0OO0OO0OQ O

=H® —

Dropping the seventh column we get

(73)

10 0 00O0O0O
00 0 0O0O0OO0OO

0

0 00O0O0O

1

00 0 00100

00 0 00O0OT1O0

00
0

-1 0 0 00O

1 000O0O0
100 00

0
00 O

00 0 00O0OO0OT1

00 0 0O0O0OO0T1

00 0 01000

00 0 001O00O0

00 0 00O0OO0OT1

00 0 00O0OT10O0

00 0 0O0O0OO0T1

H
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For the eighth iteration, with
a%:(—lOOOOROOOOOOOOO), (74)

we find
s?T=alH? =(=1 0 =R 0 0 0 0 0) (75)

and pick J; = 1. We thus get
K =(1 0000000000000 0) (76)
(note that J; = 3 would have benn less favorable as hg) has two non-zero entries) and
sV =aln” = -1. (77)

This leads to

R h?
A7 = g? — L T

(7)
51

|
O O OO
!
OO OO DO OO R OO ODOO OO

|
—_

=H? - (78)

SO OO DD DODODOODDODDODODODODCO O
OO ODIDOD DO DODDODOoOODOC O oo
ecNoNoNeNoelNoNoNolNolollolNoNoNollel
S OO OO DODDODDOD DO OoO oo
S OO OO O OO OC OO oo oo
S OO OO DO OO OO OO oo
S OO DODDODDODODOODDODOO OO oo
O OO OO DODDODDODDODODOODOCOoO oo
I
S OO OO O OO OC OO oo oo
S OO OO O OO OO O R OO
SO OO R OO ODOOOoO oo oo
S OO RrRPR OO0 OoOOoO R OoOoOo
R NeoleoNeNeNeNeNoNoll = Ne o)
R OR OO R R OODODODOOoO OO

S OO OO OO
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and after dropping the first column

0O -R 00 0O0O
0 0 00O0OOO
1 0 00O0O0O
0 0 001O0O0
0 0 00O0O0T1TPO
0 -1 0 0 00O
0 1 00O0O0OTO
H®={0 0 100 0 0 (79)
0 0 00 O0O01
0 0 00 O0O01
0 0 01 0O0O
0 0 001O0O0
0 0 00O0O01
0 0 00O01O
0 0 00 O0O01
In the ninth iteration we have
al=(0 0 C0000000 -3 000 0), (80)
and so
s®T=alH® =(C 0 0 =3 0 0 0) (81)
and pick Jg = 4. We thus get
K =0 0000000001000 0) (82)
and
s =alhd = —3. (83)
It is time to consider X again, for which we find
00 0 0 O
01 0 0 1
00 0 0 O
00 0 0 O
00 0 0 O
00 0 0 0
T _ ,Tx(8) 00 0 (1 _ 0 0
X<9>=X<8>+h;8>-b9+>x— 0 0[+]0 -(2 0) 1(0 o): 0 0. (84)
54 00 0 2 0 O
00 0 0 0
00 1 -1 0
00 0 0 O
00 0 0 O
00 0 0 O
00 0 0 O
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For the nullspace, we get

(85)
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0
0
0
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0
0
0
0
0
0
0
0
0

0
-2C 0 01 00O

000O0O00O
000O0O0O
000O0O0OO
000O0O0O

0
0
0
0

H® _

and after dropping the fourth column

(86)

—R 0 0 0 O

0
0
0
0

0
0

0 00O
0 00O
0100

0 010

-1 0 0 0 O

1
0
0
0
0
0
0
0
0

0 00O
1 000
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0
0

0 0 01

0 00O
0100

0 001

2C

0

0 010

0 0 01

H®

In the tenth iteration we have

(87)

(0000000100 — 000 0),

T _
ajg =

and so

(88)

(=2Cf, 0 1 0 0 0)

DT _ T 17(9)
S = “10H
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3. We thus get

and pick Jg

(89)

0000000100000 00)

© _
h3

and

(90)

T 1,09 _
ajohy”’ = 1.

9) _
53

It follows that
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© b1~ a3 X
9

=X +h

X (10)
and

S(9)T

©)

h3
©)
3

O — g9 _

H

(92)
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0
0
1
0
0
0
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0 00O
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0
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0
-1 00 00

0 00O
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0
0
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0
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0
0
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0 00O
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000O00O
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00O0O0O
00 0O0O
00O0O0O
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0
0
0
0
0

0
—2Cf, 01 0 0 0

00 O0O0O
00 O0O0O
000O00O
00 O0O0O
000O0O
00 O0O0O
000O0O

0
0
0
0
0
0
0

—HY —
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and after dropping the third column

0 —-R 000
0 0 000
1 0 000
0 0 100
0 0 010
0 -1000
0 1 000
HIO =|2Cf, 0 0 0 0
0 0 00 1
0 0 00 1
2C 0 0 0 0
0 0 100
0 0 00 1
0 0 010
0 0 00 1

For the eleventh iteration we have
a{1:(001—1—10000000000)

and so
s10T — a{1H<1O) = (1 0 -1 -1 O)

and pick /19 = 3. We thus get
K =0 0010000000100 0)

and

10) _ T 1,(10) _
Sy _a11h3 =-1.
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It follows that

o
010000000000000%

~—

2]

(0 0)-(0 0

O OO = O OO OO O O —O oo

l_l

O O O OO OO0 OO OO OO

n

T _ T x(10)
<1o>_b11 a;; X
(10)

XD = X104 g

and

-R 0 0 O

0
0
1
1
0
0
0

2¢fs
0

0

-1 0 0 O

0
1

0
0

0
0

0
0

0
2C
1
0
0
0

0 00 0O
0 00O0O
0 00 0O
-1 0110
0 00 0O
0 00O0O
0 00 O0O
0 00 0O
0 00O0O
0 00 0O
0 0000
-101 10
0 0000
0 00 0O
0 00 00O

(10)
h3

= H10) _

s(10)T

(10)
53

D — g0 _

(99)
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and after dropping the third column

0 -R 0 0
0 0 0 0
1 0 0 0
1 0 -10
0 0 1 0
0 -1 0 0
0 1 0 0
H =|2¢f, 0 0 0
0 0 0 1
0 0 0 1
2C 0 0 0
1 0 -10
0 0 0 1
0 0 1 0
0 0 0 1

For the twelvth iteration we have
“1T2:<000000111000000)

and so
sAUT = T HAD = (2Cf, 1 0 1)

and pick J;; = 2. We thus get
hM=(-R 0000 -1100000000)

and

11) _ T 3,(11) _
Sy _alzh2 =1.
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It follows that
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H

(106)
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and after dropping the second column

2RCf; 0 R
0 0 0
1 0 0
1 -1 0
0 1 0
2Cf, 0 1
-2Cf;, 0 -1
HI2 =| 2¢f, 0 0 (107)
0 0 1
0 0 1
2C 0 O
1 -1 0
0 0 1
0 1 0
0 0 1
In the final iteration we have
al,=(1 -1 011000000000 0) (108)
and so
sUVT = g1 H12 = (2RCf,+1 0 R) (109)
and pick J;, = 3. We thus get
T
W'=MR 00001 -10110010 1) (110)
and
sy = alLh{'® = R. (111)
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It follows that

T _ T x(12)
x(13) — x(12) 4 h(312) ) biz —a;3X

sélZ)
—2Rf, O R
0 1 0
0 0 0
0 0 0
0 0 0
—2f. 0 1
2fe 0 -1
= -2, O|+| O
0 0 1
0 0 1
-1 0 0
0 0 0
0 0 1
0 0 0
0 0 1
and
12
A02 — g2 _ ?szs(ll)T — g2 _

53

(0 0)—(=28f -1) _

2RCf; +1
0
0
0
0
2RCf,+1
ZR%fS+1
R

0
2RCf+1

R
2RCf+1

R
0

0
2RCf,+1

R
0

2RCfi+1
R
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o
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TN, O O O = -
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(112)
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and after dropping the third column

-1 O
0 0
1 0
1 -1
0 1
1
& o
(13) —
HE=1 w&n | (114)
R
2RCf+1
-== 0
2C 0
1 -1
2RCfs+1
0 1
2RCf,+1
—= 0
The solution
0 0 1 1
I I
: 0 R z 0
o 0 _Il_a R 0
1_<7’l) -2 0 x(n—1) ch 0
xn) szs 1 (amm) Tl G [P (115)
71(n) s R &
B I i
-1 0 2C 0
0 0 i —
1 2RCf,+1
F S el
0 0 0 .
1
Zfs R _2R(§{_f5+1 0

thus obtained is indeed equal to the one used in [2]. But note that neither the permuta-
tion I; nor the choices for all J; were uniquely determined, so other (but equally valid)
solutions could have resulted.
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